Abstract. We define a stronger property than unique ergodicity with respect to the fixed-point subalgebra firstly investigated in [1] . Such a property is denoted as F -strict weak mixing (F stands for the Markov projection onto the fixed-point operator system). Then we show that the free shifts on the reduced C * -algebras of RD-groups, including the free group on infinitely many generators, and amalgamated free product C * -algebras, considered in [1] , are all strictly weak mixing and not only uniquely ergodic. Mathematics Subject Classification: 37A30, 46L55, 60J99, 20E06.
Introduction
Recently, the investigation of the ergodic properties of quantum dynamical systems had a considerable growth. In quantum setting, the matter is more complicated than the classical case. For example, some differences between classical and quantum situations are pointed out in [11] . It is then natural to address the study of the possible generalizations to quantum case of the various ergodic properties known for classical dynamical systems.
A very strong ergodic property for a classical system is the unique ergodicity. Namely, let (Ω, T ) be a classical dynamical systems based on a compact Haulsdorff space Ω and a homeomorphism T of Ω. It is said to be uniquely ergodic if there exists a unique invariant Borel measure µ for T . It is seen that the ergodic average 1 n n−1 k=0 f • T k converges uniformly to the constant function f d µ. The pivotal example of classical uniquely ergodic dynamical system is the irrational rotations on the unit circle, see e.g. [8] . In quantum setting, the last property is formulated as follows. Let (A, α) be a C * -dynamical systems based on the C * -algebra A and the automorphism α. The unique ergodicity for (A, α) is equivalent (cf. [1, 10] ) to the norm convergence
where E is the conditional expectation, given by E = ϕ( · )1 I, onto the fixed-point subalgebra of α consisting of the constant multiples of the identity. Here, ϕ ∈ S(A) is the unique invariant state for α. A natural generalization of unique ergodicity is to require that the ergodic mean in (1.1) converges to a conditional expectation E (necessarily unique) projecting onto the fixed-point subalgebra A α which, in general, is supposed to be nontrivial. This property, denoted as unique ergodicity with respect to the fixed-point subalgebra, has been investigated in [1] . In that paper, it is proven that free shifts based on reduced C * -algebras of RD-groups (including the free group on infinitely many generators), and amalgamated free product C * -algebras, are uniquely ergodic w.r.t. the fixed-point subalgebra. This provides nontrivial examples of quantum dynamical systems based on automorphisms, exhibiting very strong ergodic properties.
A stronger property than unique ergodicity, called strict weak mixing, was investigated in [10] . In order to achieve quantum probability, this was done in the more general situation of C * -dynamical systems (A, T ), where T is a Markov (i.e. completely positive and identitypreserving) operator acting on A. The last property simply means that
for each ψ ∈ S(A), ϕ being the unique invariant state for T . Notice that the irrational rotations on the unit circle provides an example of uniquely ergodic dynamical system which is not strictly weak mixing, see [10] , Example 2. Other examples of uniquely ergodic, non strictly weak mixing quantum dynamical systems can be easily constructed by using the algebra of all the n × n matrices M n (C), see [3] .
In the present paper we generalize this mixing-like property to the situation of [1] , by considering C * -dynamical systems based on Markov operators. Namely, for the dynamical system (A, T ), we require that there exists a linear map F : A → A (necessarily a Markov projection projecting onto the fixed-point operator system of T ) such that
for every ϕ ∈ S(A). Such a mixing-like property is denoted as Fstrict weak mixing. It is immediate to see that, if there exists a unique invariant state ϕ for T , then F = ϕ( · )1 I and (1.3) reduces itself to (1.2). Our interest for the above mentioned property is to prove that all the dynamical systems based on free shifts considered in [1] are strictly weak mixing and not merely uniquely ergodic.
terminology, notations and basic results
Let A be a C * -algebra with identity 1 I. A closed selfadjoint subspace R ⊂ A containing 1 I is said to be an operator system. By considering the inclusion M n (R) ⊂ M n (A), M n (R) is also an operator system for each n. A linear map T : R → S between operator systems is said to be completely positive if
is positive for each n = 1, 2, . . . . It is well-known (cf. [13] ) that sup n T n = T (1 I) for completely positive maps. Let T : A → A be completely positive and identity-preserving, T is called a Markov operator. For such a Markov operator, the fixed-point subspace
is an operator system. Recall that a conditional expectation E : A → B ⊂ A is a normone projection of the C * -algebra A onto a C * -subalgebra (with the same identity 1 I) B. The map E is automatically a completely positive identity-preserving B-bimodule map, see e.g. [14] .
Let T be a Markov operator. It is seen in [2] that A T is a * -subalgebra if there exists a faithful invariant state for T . It is readily seen (the same proof as in [2] ) that A T is also a * -subalgebra if there exists a set of invariant states for T which separate the cone of the positive elements A + . In general, A T is not a * -subalgebra. At the same way, a Markov projection F : A → A is not necessarily a conditional expectation, see [4] , Corollary 7.2.
A (discrete) C * -dynamical system is a pair A, T consisting of a C * -algebra and a Markov operator T . The following theorem is a generalization of Theorem 3.2 of [1] to our context, see also [10] , Theorem 3.2 for similar results.
Theorem 2.1. Let A, T be a C * -dynamical system. Then the following assertions are equivalent.
(i) Every bounded linear functional on A T has a unique bounded, T -invariant linear extension to A.
(ii) Every state on A T has a unique bounded, T -invariant state extension to A.
(iv) The ergodic averages 1 n n−1 k=0 T k converge pointwise in norm.
(v) The ergodic averages 1 n n−1 k=0 T k converge pointwise in the weak topology to a linear map F : A → A.
Furthermore, if one (and hence all) of the above statements holds, then there exists a unique Markov projection F of A onto A T . It is given by
Proof. 
then F is automatically a completely positive and identity-preserving, hence bounded. In addition, if f ∈ A * ,
This leads to T F = F = F T . Thus,
that is x = F (x). Namely, F projects onto A T . Let now ϕ j , j = 1, 2 invariant state extensions of the state ω on A T . Then
that is any state on A T has a unique invariant state extension on A.
Definition 2.2. The C * -dynamical system A, T is said to be Funiquely ergodic if one of the equivalent properties (i)-(vi) of Theorem 2.1 holds true. The C * -dynamical system A, T is said to be F -strictly weak mixing if there exists a linear map F : A → A such that
whenever ϕ ∈ S(A).
Proposition 2.3. If the C * -dynamical system A, T is F -strictly weak mixing, then it is F -uniquely ergodic.
Proof. Let ϕ ∈ S(A). We get
whenever n → +∞, as A, T is F -strictly weak mixing. By using the Jordan decomposition of bounded linear functionals (cf. [15] ), we conclude that (v) of Theorem 2.1 is satisfied.
Remark 2.4. By taking into account Proposition 2.3 and Theorem 2.1, the map F in (2.2) is a Markov projection projecting onto A T .
In many interesting situations, the ergodic behavior of dynamical systems are connected with some spectral properties, see e.g. [3, 9, 11] . It is not possible to extend such results to the full generality. However, a F -strictly weak mixing map T cannot have eigenvalues on the unit circle T except z = 1. Namely, for z in C denote
Proposition 2.5. Let A, T be a F -strictly weak mixing C * -dynamical system. Then z ∈ T\{1} implies A z = {0}.
Proof. Assume that T (x 0 ) = zx 0 for some z = 1. Then F (x 0 ) = F (T (x 0 )) = zF (x 0 ) which means F (x 0 ) = 0. In addition, from the F -strict weak mixing we infer 0 = lim
Namely, ϕ(x 0 ) = 0 for every ϕ ∈ S(A), hence x 0 = 0.
Finally, we recall the following result relative to the bounded sequences which are weakly mixing to zero. For the definitions of (lower) density of a subset of the natural numbers, or relatively dense sequences of natural numbers, we refer the reader to [17] . Theorem 2.6. (cf. [17] , Theorem 2.3) Let {x n } n≥1 be a bounded sequence in the Banach space X. The following assertions are equivalent.
(ii) lim x k j = 0 for each relatively dense sequence
strict weak mixing of lenght-preserving automorphisms of RD-groups
In [1] , it has been proved that some automorphisms of the reduced C * -algebra of RD-groups are E-uniquely ergodic. 4 Here, we prove that such automorphisms are E-strictly weak mixing.
Proposition 3.1. Let β be a lenght-preserving automorphism of a RD-group G for the lenght-function L, such that its orbits are infinite or singletons. Then the automorphism α induced by β on C * r (G) is E-strictly weak mixing.
Proof. Let H := {g ∈ G : β(g) = g}. As α is E-uniquely ergodic (cf.
[1], Proposition 3.5), the pointwise limit in norm
exists and gives rise a conditional expectation projecting onto the fixedpoint algebra C * r (H) ⊂ C * r (G). By a standard density argument, it is enough to prove that the sequence {α n (λ g )} n≥1 is weakly mixing to zero whenever
On the other hand (cf. [7] ), for each sequence {k j } of natural numbers,
The assertion follows by Theorem 2.6
Finally, we have the case of the automorphism generated by the shift on the free group on infinitely many generators. Corollary 3.2. Let F ∞ be the free group on infinitely many generators {g i } i∈Z . The automorphism α induced on C * r (F ∞ ) by the free shift of the generators is E-strictly weak mixing with E = τ ( · )1 I, τ being the canonical trace on C * r (F ∞ ). The RD-groups are defined and studied in [7] . Notice that the RD-groups include the Gromov hyperbolic groups, see [6] . 5 The C * -dynamical system C * r (F ∞ ), α, τ is indeed strictly weak mixing in the language of [10] .
Proof. By taking into account the Haagerup inequality (cf. [5] , Lemma 1.4), the situation under consideration is a particular case of Proposition 3.1.
4. strict weak mixing of the free-shift on the reduced free product C * -algebras
The present section is devoted to show that the shift on the reduced amalgamated free product C * -algebra (A, φ) = ( * B ) i∈I (A i , φ i ) is indeed φ-strictly weak mixing, the last being stronger than unique ergodicity w.r.t. its fixed subalgebra, proven in [1] . Also this proof relies on the analogue of the Haagerup inequality proven in [1] (cf. Proposition 5.1).
We briefly recall some facts on the reduced amalgamated free product. For an exhaustive treatment of the subject see [1, 16] .
Let D be a unital C * -algebra with identity 1 I, and E The C * -algebra A naturally acts on a Hilbert right B-module E and it is generated by λ i a : a ∈ A i , i ∈ Z , λ i being the embedding of A i in B B (E), the space of all the bounded B-linear maps acting on E. The conditional expectation φ is given by
· , · being the B-valued inner product of E which is supposed be linear w.r.t. the first variable. 6 The free-shift automorphism α on A is the automorphism of A given by α(λ i a ) = λ i+1 a for all a ∈ A and i ∈ Z. Theorem 4.1. Let α be the free-shift automorphism on the reduced amalgamated free product C * -algebra A given in (4.1). Then α is φ-strictly weakly mixing.
Proof. It was proven in [1] that α is φ-uniquely ergodic, that is
for every a ∈ A. By a standard density argument, it is enough to prove that the sequence {α n (a)} n≥1 is weakly mixing to zero whenever a has the form a = w for a word w = λ m(1)
ap , with p ≥ 1, 6 Relatively to the Hilbert C * -modules, see e.g. [12] . 
